Abstract. We will define the Alexander duality for strongly stable ideals. More precisely, for a strongly stable ideal
Introduction
Strongly stable ideals are monomial ideals defined by a simple condition, and they appear as the generic initial ideals of homogeneous ideals in the characteristic 0 case (so they are also called Borel fixed ideals in this case).
Extending an idea of [9] , the second author ( [13] ) constructed the alternative polarization b-pol(I) of a strongly stable ideal I. We briefly explain this notion here. Let S = k[x 1 , . . . , x n ] be a polynomial ring over a field k. For a monomial ideal I, G(I) denotes the set of minimal monomial generators of I. If I ⊂ S is a strongly stable ideal with deg(m) ≤ d for all m ∈ G(I), we consider a larger polynomial ring S = k[ x i,j | 1 ≤ i ≤ n, 1 ≤ j ≤ d ] with the surjection f : S ∋ x i,j −→ x i ∈ S. Then we can construct a squarefree monomial ideal b-pol(I) ⊂ S (if there is no danger of confusion, we will simply write I for b-pol(I)) satisfying the conditions f ( I) = I and β S i,j ( I) = β S i,j (I) for all i, j, where β i,j stands for the graded Betti number. The alternative polarization sheds new light on classical results on strongly stable ideals.
On the other hand, the Alexander duality for squarefree monomial ideals is a very powerful tool in the Stanley-Reisner ring theory. For a squarefree monomial ideal I ⊂ S, I
∨ ⊂ S denotes its Alexander dual. There is a one to one correspondence between the elements of G(I) and the irreducible components of I ∨ . Let S ′ = k[ y i,j | 1 ≤ i ≤ d, 1 ≤ j ≤ n ] be a polynomial ring with the isomorphism (−) t : S ∋ x i,j −→ y j,i ∈ S ′ . For a strongly stable ideal I, there is a strongly stable ideal I * ⊂ k[y 1 , . . . , y d ] with b-pol(I * ) = (b-pol(I) ∨ ) t . Clearly, the correspondence I ←→ I * should be considered as the Alexander duality for strongly stable ideals. After we finished an earlier version of this paper, we were informed that, in [4, §6] , D'Alì, Fløystad and Nematbakhsh have constructed the above duality using the notion of generalized (co-)letterplace ideals. Each approach has each advantage.
The paper [4] treats the duality in a much wider context, but if one starts from the generators set G(I), our construction is more direct. We will give a complete proof of the existence of the duality, since we will re-use ideas of the proof in later sections.
The outline of the paper is as follows. Section 2 is mainly devoted to the proof of the existence of the dual I * . If I is a Cohen-Macaulay strongly stable ideal, S/ I is the Stanley-Reisner ring of a ball or a sphere (a ball in most cases), and its canonical module can be easily described. In Section 3, we show the formula . In Section 4, we discuss the relation to the notion of a squarefree strongly stable ideal, which is a squarefree analog of a strongly stable ideal. For a strongly stable ideal I ⊂ S, Aramova et al [1] constructed a squarefree strongly stable ideal
with N ≫ 0. The class of squarefree strongly stable ideals is closed under the (usual) Alexander duality of T , so our duality can be constructed through I σ . However, without b-pol(I), it is hard to compare the algebraic properties of I * with those of I. In Section 5, we give a procedure constructing the irreducible decomposition of b-pol(I) from that of a strongly stable ideal I. As corollaries, we will give formulas on the arithmetic degree adeg(S/I) and H(H 
H(H
.
The construction of the duality
We introduce the convention and notation used throughout the paper. For a positive integer n, set [n] := {1, · · · , n}. Let S := k[x 1 , · · · , x n ] be a polynomial ring over a field k, and m = (x 1 , · · · , x n ) the unique graded maximal ideal of S. For a monomial ideal I ⊂ S, G(I) denotes the set of minimal monomial generators of I. We say an ideal I ⊂ S is strongly stable, if it is a monomial ideal, and the condition that m ∈ G(I), x i |m and j < i imply (x j /x i ) · m ∈ I is satisfied.
Let d be a positive integer, and set
Note that Θ :
forms a regular sequence with the isomorphism S/(Θ) ∼ = S induced by S ∋ x i,j −→ x i ∈ S.
Definition 2.1. For a monomial ideal I ⊂ S, a polarization of I is a squarefree monomial ideal J ⊂ S satisfying the following conditions.
(1) Through the isomorphism S/(Θ) ∼ = S, we have S/(Θ) ⊗ S S/J ∼ = S/I (2) Θ forms a S/J-regular sequence.
For a = (a 1 , . . . , a n ) ∈ N n , x a denotes the monomial
If I ⊂ S is a monomial ideal with deg(m) ≤ d for all m ∈ G(I), then it is well-known that pol(I) := ( pol(m) | m ∈ G(I) ) is a polarization of I, which is called the standard polarization.
Any monomial m ∈ S has a unique expression
As another expression, for a monomial See the beginning of Example 2.5 below.
In [13] , the second author showed the following fact. This duality is very important in the Stanley-Reisner ring theory. See, for example, [7] . Lemma 2.3. For a monomial ideal I ⊂ S, the following conditions are equivalent.
(1) I is strongly stable.
(2) b-pol(I) ⊂ S has an irreducible decomposition r s=1 P s satisfying the following property.
( * ) For each s, there exist a positive integer t s , and integers γ
Proof. (1) ⇒ (2): This is shown already in [13, Remark 3.3] .
(2) ⇒ (1): For contradiction, assume that I := b-pol(I) satisfies the condition ( * ) but I is not strongly stable. Then it is easy to see that there is some m = 
be a polynomial ring with the ring isomorphism (−)
Theorem 2.4 (c.f. [4] ). Let I be a strongly stable ideal. Then there exists a strongly stable ideal
Proof. As before, set I := b-pol(I). There is a one to one correspondence between the irreducible components of I and the elements of G( I ∨ ). If the irrdundant irreducible decomposition of I is given by
Conversely, there is a one to one correspondence between the irreducible components of I ∨ and the elements of G( I), equivalently, the elements of G(I). The irreducible component of I ∨ corresponding to m ∈ G(I) with e := deg(m) is (x α 1 ,1 , x α 2 ,2 , . . . , x αe,e ), where the integers α i are given by (2.1), or equivalently (2.2). Then the corresponding irreducible component of (
* is strongly stable by Lemma 2.3.
The above theorem gives a duality between strongly stable ideals I ⊂ S = k[x 1 , . . . , x n ] whose generators have degree at most d and strongly stable ideals
whose generators have degree at most n.
Example 2.5. For a strongly stable ideal
hence the dual strongly stable ideal is given by
2 ). On the other hand, if we use the standard polarization, we have
Here (pol(I) ∨ ) t = (y 1,1 y 1,2 , y 1,1 y 1,3 y 2,2 , y 1,2 y 1,3 y 2,1 ) can not be the standard or altarnative polarization of any ideal.
The next two results are implicitly contained in Fløystad [4] . However they are stated in the context of the preceding papers [5, 2] , where the words "letterplace ideal" and "coletterplace ideals" are used in the narrow sense (see Remark 2.7 below). Proposition 2.6. If I ⊂ S is a strongly stable ideal with
given in this way from a strongly stable ideal with √ I = m.
Proof. If I ⊂ S is a strongly stable ideal with If n = 1, then I = (x e ) for some e ≤ d. Hence I = x 1,1 x 1,2 · · · x 1,e , and S/ I is the Stanley-Reisner ring of a sphere (resp. ball) if e = d (resp. e < d). If √ I = m (equivalently, c := ht(I) < n), then we have I = JS for a strongly stable ideal J ⊂ k[x 1 , . . . , x c ] with √ J = (x 1 , . . . , x c ). Moreover, the simplicial complex associated with I is the cone over the one associated with b-pol(J). So the assertion can be reduced to the first case.
where b i := i j=1 a j for each i ≥ 1 and b 0 = 0 as before. In [10] , R. Okazaki and the second author constructed a minimal S-free resolution P • of b-pol(I) of a strongly stable ideal I. If S/I is a Cohen-Macaulay ring of codimension c, the "last" term P c of the minimal free resolution is isomorphic to
We also set X := 1≤i≤n 1≤j≤d
for m ∈ G(I).
Corollary 2.9. Let (0) = I ⊂ S be a Cohen-Macaulay strongly stable ideal with ht(I) = c, and set I := b-pol(I). Then the canonical module ω S/ I of S/ I is isomorphic to the ideal generated by (the image of )
Proof. Since S/ I is the Stanley-Reisner ring of a ball or a sphere, the canonical module ω S/ I is isomorphic to a multigraded ideal of S/ I. Since ω S/ I = Ext c S ( S/ I, ω S ) and ω S is isomorphic to the principal ideal ( X) of S, ω S/ I is a quotient of
So we are done.
For a Cohen-Macaulay strongly stable ideal I, the canonical module ω S/I of S/I itself is isomorphic to ω S/ I ⊗ S S/(Θ) and Θ forms a (ω S/ I )-regular sequence, where
However, ω S/I is not isomorphic to an ideal of S/I in general.
We also remark that [2, Corollary 4.3] gives a description of the canonical module of the quotient ring of a general letterplace ideal, and it also works in the case of Corollary 2.9. However, the description in Corollary 2.9 is much more direct and simpler in our case. 
Let ω S (resp. ω S ) denote the graded canonical module of S (resp. S). That is, ω S ∼ = S(−n) and ω S ∼ = S(−nd)).
Lemma 3.1. For a strongly stable ideal I ⊂ S with I := b-pol(I), we have
Here β p,q (I * ) be the graded Betti number of I * , that is, the dimension of [Tor Furthermore, it is well-known that
and [Tor
nd implies σ is a 0-1 vector (equivalently, σ = σ). See, for example, [12] .
On other hand, since b-pol(I * ) = ( I ∨ ) t , we have β p,q (I * ) = β p,q ( I ∨ ) for all p, q ∈ Z. So we have
for l > 0. So the assertion follows from the following computation
where l := j + p. 
H(H
i m (S/I), λ −1 ) = j∈Z β i−j,n−j (I * )λ j (1 − λ) j . Proof. Set Θ := { x i,1 − x i,j | 1 ≤ i ≤ n, 2 ≤ j ≤ d }.
H(Ext
Replacing j by nd − n + j, we have
Here the first equality follows from the fact that H 
Proof. By the additivity of the statement, it suffices to compute how an irreducible component 
(1 − λ) i . So the proof is completed.
Example 3.5. For the strongly stable ideal I in Example 2.5, b-pol(I) have two height 3 irreducible components P 2 = (x 1,1 , x 2,2 , x 3,2 ) and P 3 = (x 1,2 , x 2,2 , x 3,2 ). Clearly, γ 
Relation to squarefree strongly stable ideals
We say an ideal I ⊂ S is squarefree strongly stable, if it is a squarefree monomial ideal and the condition that m ∈ G(I), x i | m, j < i and x j | m imply (x j /x i ) · m ∈ I is satisfied.
For our study on (squarefree) strongly stable ideals, the dimension of the ambient ring S = k[x 1 , . . . , x n ] is not important. So we consider the following equivalence relation. For monomial ideals I ⊂ S (n) := k[x 1 , . . . , x n ] and J ⊂ S (m) := k[x 1 , . . . , x m ], the relation I ≡ J holds if the following condition is satisfied.
• Without loss of generality, we may assume that n ≤ m. Then regarding S (n) as a subring of S (m) in the natural way, we have G(I) = G(J).
For monomial m ∈ S of the form (2.1), set
where T = k[x 1 , . . . , x N ] is a polynomial ring with N ≫ 0. Aramova et al. [1] showed that if I ⊂ S is a strongly stable ideal then
is squarefree strongly stable. Conversely, any squarefree strongly stable ideal is of the form I σ for some strongly stable ideal I. Let I ⊂ S be a strongly stable ideal, and I := b-pol(I) ⊂ S its alternative polarization. For 
Proof. As above, set I := b-pol(I). Since both S/ I and T /I σ are reduced, and So we are done.
Corollary 4.2.
If I is a strongly stable ideal, we have
where ≡ is the relation defined above.
Proof. If the irredundant irreducible decomposition of b-pol(I) is given as in (3.1), then both (I σ ) ∨ and (I * ) σ are equal to
More precisely, (I * ) σ should be an ideal with variables y 1 , y 2 . . ., but this is not essential.
The Alexander duals of squarefree strongly stable ideals already appeared in an early paper [6] (of course, they knew that these are squarefree strongly stable again). However, the algebraic relation between I and I σ is not clear, if one does not know b-pol(I).
Example 4.3. Consider the strongly stable ideal
and hence (
. On the other hand, since I * = (y 
Here, if t = 1, then we set 1 ≤ c ≤ a 1 . For a = (a 1 , . . . , a t ) ∈ (Z >0 ) t with t ≤ n, set m a := (x a 1 1 , . . . , x at t ) ⊂ S. If (0) = I ⊂ S is a strongly stable ideal, then an irreducible component of I is of the form m a for some a ∈ (Z >0 ) t . Hence there is some It is easy to see that Ψ(E) = a∈E Ψ(a). We will implicitly use this fact in the proofs of the corollaries below.
To prove the theorem, we need some preparation. Let I be a strongly stable ideal whose irredundant irreducible decomposition is given by (5.1). We decompose E into three parts E 0 = { (a 1 , . . . , a t ) ∈ E | t < n }, E 1 = { (a 1 , . . . , a n ) ∈ E | a n = 1 } and E 2 = { (a 1 , . . . , a n ) ∈ E | a n ≥ 2 }.
Lemma 5.5. With the above notation, I : x n is a strongly stable ideal (not necessarily minimally) generated by
Moreover, its irredundant irreducible decomposition is given by
where e n is the n-th unit vector (0, 0, . . . , 1) ∈ Z n .
Proof. The first and second assertions are clear. To see the last assertion, note that
and
So (5.3) holds. Since there is no inclusion among m a for a ∈ E 0 and m a−en for a ∈ E 2 , the decomposition (5.3) is irredundant.
ϕ(a) = a if t < n, (a 1 , . . . , a n−1 ) if t = n. Lemma 5.6. With the above notation, we have the following.
(1) I is a strongly stable ideal, and
is a (possibly redundant) irreducible decomposition.
(2) For a ∈ E 1 , m ϕ(a) is an irreducible component of I.
Proof.
(1): Easy.
(2) For contradiction, assume that m ϕ(a) for a ∈ E 1 is not an irreducible component. Then there is some a ′ ∈ E \ {a} such that m ϕ(a ′ ) ⊂ m ϕ(a) . Since a ∈ E 1 , we have m a ′ ⊂ m a , and this is a contradiction.
Next we will study how to recover a strongly stable ideal I from I : x n and I. Let 
and set ϕ(F ) := { ϕ(a) | a ∈ F }, where ϕ is the function defined in (5.4). By Lemmas 5.5 and 5.6, if a ∈ G \ ϕ(F ), then a is of the from (a 1 , . . . , a n−1 ) and m a⊕en is an irreducible component of I, where we set a ⊕ e n := (a 1 , . . . , a n−1 , 1).
Lemma 5.7. With the above notation, we have the irredundant irreducible decomposition
Proof. Easily follows Lemmas 5.5 and 5.6.
The proof of Theorem 5.4. We prove the theorem by double induction on n and
Let I be a strongly stable ideal. We may assume that x n divides some m ∈ G(I). In the sequel, for a = (a 1 , . . . , a n ) ∈ (Z >0 ) n , consider the vector (b 1 , . . . , b n ) with
a j − i + 1 for i = 1, . . . , n. In this case,
For a = (a 1 , . . . , a n−1 ) ∈ (Z >0 ) n−1 , we have
By Lemma 5.7, it is enough to show
Since (the right hand side) =
it suffices to show that
First, we will prove the inclusion ⊂ of (5.7). Since b-pol(I) ⊂ b-pol(I : x n ), it suffices to show that Next, we will prove the inclusion ⊃ of (5. 3 ) yields (x 1,1 , x 2,2 , x 3,2 ) and (x 1,1 , x 2,2 , x 3,3 ). Now we get the irreducible decomposition b-pol(I) = (x 1,1 , x 2,1 ) ∩ (x 1,2 , x 2,2 , x 3,2 ) ∩ (x 1,1 , x 2,2 , x 3,2 ) ∩ (x 1,1 , x 2,2 , x 3,3 ).
The next result concerns the arithmetic degree adeg(S/I) of S/I. For the basics of this notion, consult [11, §1] . However, following [8] , we use the refinement adeg i (S/I) of adeg(S/I) for 0 ≤ i ≤ dim S/I, which measures the contribution of the dimension i components of I. Hence adeg(S/I) = i≥0 adeg i (S/I).
Corollary 5.9. Let I be a strongly stable ideal with the irreducible decomposition (5.1) . For (a 1 , . . . , a t ) ∈ E (recall that a t > 0), set t(a) := t and e(a) := a t . Then we have adeg i (S/I) = Take a ∈ E with t(a) = n − c. Then a yields e(a) irreducible components of I of codimension c. Any codimension c component of I is given in this way, and they are all distinct. So we are done.
